Abstract-Estimation of tire-road friction forces has an important role in anti-lock brake systems (ABS), as well as for vehicle stability control systems, and road condition monitoring systems. We investigate the use of a moving horizon observer for estimation of multiple friction model parameters as well as the longitudinal wheel slip state under typical ABS braking scenarios, using wheel speed measurement and information on the brake torque. It is well known that data may not be persistently exicting for every period of time in such scenarios, expecially when estimating several friction model parameters simultaneously. The algorithm therefore has regularization mechanisms to ensure graceful degradation of the state and parameter estimation performance in cases when data are not persistently exciting. Simulations with a quarter car dynamic model and the four-parameter longitudinal Magic-formula friction model illustrates the performance of the algorithm.
I. INTRODUCTION
An anti-lock brake system (ABS) controls the slip of each wheel of a vehicle to prevent it from locking such that high longitudinal and lateral friction is achieved and steerability is maintained during hard braking. ABS are characterized by robust adaptive behavior with respect to highly uncertain tyre characteristics and fast changing road surface properties and they have been commercially available in cars for 30 years ( [1] , [2] ).
Since the vehicle forces transferred from the tires to the road determine the vehicle motion, accurate information about road surface properties (dry, wet, snow, ice, etc.) has a significant importance in ABS and other automotive active safety systems. However, such forces and road surface properties are usually difficult to measure, since sensors are too complex and expensive for use in production cars. Therefore, it is necessary to estimate them from the computed or measurable signals such as angular wheel speed and the torque acting on the wheel's axis. In order to take advantage of a friction model to estimate the longitudinal wheel slips and speed for use in a wheel slip control system, one should also estimate one or more parameters of the friction model [3] , [4] .
Previous work has considered the use of nonlinear Lyapunov-based observers to estimate multiple parameters of the LuGre friction model [4] , [5] , [6] , [7] , the use of Kalmanfiltering to estimate the maximum friction coefficient of the Magic formula and similar friction models [3] , [8] , [9] , [10] . In this paper, a novel approach based on moving horizon tor.arne.johansen@itk.ntnu.no estimation (MHE) is proposed to be used to estimate multiple parameters of the Magic formula longitudinal friction model [11] . MHE is a direct approach to the deterministic discretetime nonlinear state and parameter estimation problem. In its simplest form, it views the problem as one of inverting a sequence of nonlinear algebraic equations defined from the state update and measurement equations, and some moving time horizon [12] . The novel contribution of the present work is to provide and study an MHE method based on [13] which contains modifications of the approach [14] that aims give graceful degradation of performance also when the condition of uniform observability is violated due to temporary lack of peristently exciting input data. Given the data such as measured signals of angular speeds, and torque acting on wheel axis, the proposed MHE algorithm can provide useful estimation of road surface properties and wheel slip even in cases when the data has not much excitation. The algorithm uses a dynamic model augmented with artificial states for the unknown parameters to be estimated, and includes the use of regularizing a priori estimates in the moving horizon cost function, and the use of thresholded singular value decomposition to avoid ill-conditioned or ill-posed inversion of the associated nonlinear algebraic equations that define the moving horizon state estimate [13] . A standard variant of MHE was proposed for estimation of friction force and vehicle speed using the LuGre model in [15] . The present paper considers a dynamic quarter car model, the magic formula model, and utilizes an MHE algorithm with regularization in order to effectively deal with situations without persistence of excitation.
The following notation and nomenclature is used. For a vector x ∈ R n , let ||x|| = √ x T x denote the Euclidean norm. Recall that the induced matrix norm ||M|| equals the largest singular value of the matrix M. For two vectors x ∈ R n and y ∈ R m , let col(x, y) denote the column vector in R n+m where x and y are stacked into a single column. The Moore-Penrose pseudo-inverse ( [16] ) of a matrix M is denoted M + and for a matrix M of full rank it is given by
In this section, we review a mathematical model of the wheel slip dynamics, see also [1] , [3] . The problem of wheel slip control is best explained by looking at a quarter car model as shown in Figure 1 tyre reaction force F x is generated by the friction between the tyre surface and the road surface. The tyre reaction force will generate a torque that results in a rolling motion of the wheel causing an angular velocity ω. A brake torque applied to the wheel will act against the spinning of the wheel causing a negative angular acceleration. The equations of motion of the quarter car are [1] , [3] 
The parameters used in the paper are given in Table 1 . The longitudinal tire friction force F x is given by the so-called magic formula [11] 
where the friction coefficient µ is a nonlinear function of the longitudinal slip
The parameters B,C, E and θ characterize the tire and the road surface. Typical values of parameters B,C, E and θ are given by [10] with for dry asphalt and
for snow. The longitudinal slip λ describes the normalized difference between the vehicle's longitudinal velocity v and the speed of the wheel perimeter ωr. The slip value of λ = 0 characterizes the free motion of the wheel where no friction force F x is exerted (v = ωr). If the slip attains the value λ = 1 then the wheel is locked (ω = 0). The typical friction curves µ(λ ) are shown in Figure 2 . The friction coefficient µ is generally a differentiable function with the property µ(0) = 0 and µ(λ ) > 0 for λ > 0. Figure 2 shows how µ increases with slip λ up to some value, where it attains its maximum value. For higher slip values, the friction coefficient will decrease to a minimum value where the wheel is locked and only the sliding friction will act on the wheel. The dependence of friction on the road condition is also exemplified in Figure 2 . For wet or icy roads, the maximum friction is small and the right part of the curve is typically flatter.
Using (1)- (3), for v > 0 and ω ≥ 0 we get the wheel slip dynamicsv
It is assumed that only wheel angular velocity ω is measurable while vehicle speed v and the friction parameters need to be estimated. Thus the measurement equation is:
We assume T b and F z are known, i.e. can be computed from information in the engine and ABS systems.
III. NONLINEAR MOVING HORIZON ESTIMATOR
In this section we describe the MHE [13] . It is assumed that in the dynamic state space model, the state x is augmented by constant parameters as agumented states, like θ = 0,β = 0, ... By discretization, it is assumed that the nonlinear system can be descried by the dynamics
where x(t) ∈ X ⊆ R n x , u(t) ∈ U ⊆ R n u and y(t) ∈ R n y are respectively the augmented state vector, input and measurement vectors, and t is the discrete time index. It is assumed that X and U are compact sets.
The N +1 consecutive measurements of outputs and inputs until time t are denoted as Y (t) = col(y(t − N), y(t − N + 1), · · · , y(t)) and U(t) = col(u(t − N), u(t − N + 1), · · · , u(t − 1)). To express Y (t) as a function of x(t − N) and U(t), denote f u(t) (x(t)) = f (x(t), u(t)), and note from (8b) that the following algebraic map can be formulated, see [12] :
. . .
where • denotes composition of functions.
From [12] , the system (8) is N-observable if there exists a K-function ϕ such that for all x 1 , x 2 ∈ X there exists a feasible U(t) ∈ U N+1 such that
From [13] , the input U(t) ∈ U N+1 is said to be N-exciting for the N-observable system (8) at time t if there exists a K-function ϕ t such that for all
Next, define the N-information vector at time t as
The problem consists in estimating, at any time t = N, N + 1, . . ., the state vectors x(t − N), . . . , x(t), on the basis of a priori estimatesx(t − N,t), . . . ,
x(t,t) and the information vector I(t).
It is assumed that an a priori estimator is determined from the last estimatex o (t − N − 1,t − 1) via the application of the function f , that is,
A convergent estimate is computed by minimizing the following weighted regularized least-squares criterion with respect forx(t − k,t), k = 0, ..., N:
J(x(t − N,t),x(t − N,t), I(t)) = W t (Y (t) − H t (x(t − N,t)))
subject tô
with β i−t+N ≥ 0, and W t being a time-varying weight matrix. As discussed in [13] , tuning of W t and β i ≥ 0 should consider the tradeoff between minimizing the effects of measurement noise, model errors, and possibly other uncertainty. In addition, it might be beneficial to consider the information contents in the data at any time t, since an acceptable tuning may have to change with time to adaptively account for lack of persistently exciting data. For N-observable systems, it is shown in [13] that the convergence condition will depend on the existence of a (not too small) ε > 0 such that
for all t ≥ 0, where
t),U(t))ds. (13)
This condition comes from the requirement of the input data being N-exicting at all t and is similar to a persistence of excitation condition commonly seen in adaptive observers and estimators. Unfortunately, since Φ t (x(t − N),x o (t − N,t)) depends on the unknown x(t −N) we cannot monitor directly if U(t) is sufficiently rich. Instead, we have to rely on some approximation or estimate of Φ t (·). If it is assumed that the initial estimation error is small, then
Consider a singular value decomposition (SVD)([16])
Any singular value (diagonal element of the matrix S t ) that is zero or close to zero indicates that a component is unobservable or the input is not N-exciting. Moreover, the corresponding row of the V t matrix will indicate which components are not N-observable or N-exciting. The Nexcitation of data may therefore be monitored through the robust computation of the rank of the Jacobian matrix using the SVD ( [16] ). In [13] it is proposed to choose W t such that
where α > 0 is a scalar tuning parameter, and δ ≥ 0 is a regularization parameter. This leads to
satisfying the following sufficient condition for local exponential convergence of the estimation error [13] :
provided that α > 0 is sufficiently small, and the thresholded pseudo-inverse S + δ ,t = diag(1/σ 1,t , ..., 1/σ ℓ,t , 0, ..., 0) where σ 1 , ..., σ ℓ are the singular values larger than some δ > 0 and the zeros correspond to small singular values whose inverse is set to zero ( [16] ). The tuning parameters with this adaptive choice of W t are the scalars α, δ and β i . It is worthwhile to notice that since they are scalars, a successful tuning of the observer depends in general on appropriate scaling of the data, states and model equations although in this case study no particular scaling was found necessary to acceptable performance.
IV. SIMULATION RESULTS
In this section, the regularized MHE algorithm is applied to the combined state and parameter estimation problem of estimating v, λ and a number of friction model parameters. The simulation were performed using the model (6) . Suppose v(0) = 20, λ (0) = 0.01, and θ , B,C and E are given in (4) and (5) 
A. Tyre/road condition coefficient θ is unknown
We consider the road condition coefficient θ as an augmented state, and get the augmented wheel slip dynamicṡ
The following constraints are imposed:
Choose α = 0.01 and β i = 1, and W t is chosen according to (16) with δ = 0.1.
• Case 1, for dry asphalt, the simulation result is shown in Figure 3 .
• Case 2, for snow, the simulation result is shown in Figure 4 .
We observe that although the estimate of the single parameter θ converges to an accurate estimate, the observer still fails in estimating the velocity and wheel slip in Case 2 due to the inaccurate fixed values ofB,C andĒ used in the model. Hence, there is a potential benefit of estimating also B,C and E. 
B. θ , E,C, B are unknown
Considering the parameters θ , E,C, B as augmented stateṡ
The constraints of B,C and E are given as
Choose α = 0.01 and β i = 1. W t is chosen according to (16) with δ = 0.8. • Case 3, for dry asphalt, the simulation result is shown in Figure 5 .
• Case 4, for snow, the simulation result is shown in Figure 6 . From the figures, the example illustrates there are some potential benefits of estimating more parameters B,C, E than θ . With reference to Figure 2 it is clear that in the low friction case (snow) the friction curve has no distinct peak such that the parameters E and B are poorly observable independently of persistence of excitation, unlike the high friction case (dry asphalt) where all parameters of the Magic formula have some influence on the curve shape and will be observable with persistence of excitation. It is interesting to observe that the estimation is robust and that the SVD thresholding effectively prevents the estimates of (B,C, E) from drifting and becoming highly incorrect when there is not much excitation or they are poorly observable.
V. CONCLUSION In this paper MHE for ABS has been proposed for combined state and parameter estimation problem. The main feature of the proposed MHE algorithm is handling of nonlinear systems that are neither uniformly observable, nor persistently excited. The mechanisms to handle unobservable states, parameters and non-informative data are classical tools of regularization such as penalty terms with a priori information, and the use of the thresholded singular value decomposition. In the example it is illustrated that the regularized MHE method can deal with situations when the friction model is over-parameterized (in the sense that some parameters are poorly observable) or there is lack of excitations.
